The effects of free surface shape on normal stress difference measurements in cone and plate flow are investigated. The analysis shows that the stress field is significantly altered by deviations of the free surface from an ideal (spherical) shape. For the cone and partitioned plate technique, it is shown how modest deviation from a spherical free surface shape can lead to errors of roughly 10% in the measured normal stress differences.
INTRODUCTION
Cone-and-plate flow is widely used to study the rheological behavior of complex fluids. In most cone-and-plate rheometers, one of the fixtures, say the cone, is rotated and the torque and axial force are measured on the stationary plate, or vice-versa. The primary advantage of cone-andplate flow is that the shear rate g · is approximately uniform within the fluid sample. Hence, unlike torsional flow between parallel disks, or pressure-driven flow in a capillary, the shear stress at a given shear rate s(g · ) can be obtained from a single measurement, even for fluids displaying highly non-linear rheological behavior. In addition, the first normal stress difference N 1 (g · ) can be obtained from a single axial force measurement. If the radial distribution of stress on the plate is measured, both N 1 (g · ) and the second normal stress difference N 2 (g · ) can be obtained.
There have been numerous analyses of cone and plate flow and the assumptions used that allow for the measurements described above to be made [1 -4] . In this note, we examine the effects of the free surface between the test fluid and the surrounding ambient gas on measurements of N 1 and N 2 in a cone-and-plate rheometer. In particular, we focus on the cone and partitioned plate technique used by Meissner et al. [5] and more recently by Schweizer [6] .
We consider the steady, isothermal flow of an isotropic, viscoelastic liquid with constant density r between a cone rotating with angular velocity W and stationary plate as shown in Figure 1 . The cone angle is a, which is typically in the range 0.02 -0.15; larger values of a are used to minimize transducer compliance effects on axial force measurements. The surrounding gas is assumed to be inviscid and have uniform pressure p 0 . For this analysis, we shall assume inertial and gravitational effects are negligible and that there is symmetry about the z -axis (q = 0). The velocity field in spherical coordinates is assumed to have the form (1) which satisfies the continuity equation. The rate of strain tensor for the assumed velocity field in Eq. 1 has the form (2) where the shear rate is given by
The stress tensor p p can be expressed as the sum of isotropic pressure p and extra stress tensor t t contributions (4) For this flow the extra stress tensor for has the form (5) The shear stress and two normal stress differences are given by (6)
The r -, q -and f -components of the equations of motion for this flow are, respectively, 
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Applied Rheology Volume 17 · Issue 3 where n is a unit vector normal to the plate surface directed into the liquid. Equation 14 for the shear stress can now be written as (16) where M = |M|. If we set R i = R and q = p/2 in Eq. 16, we recover the well-known result (17) Note that because the shear stress is not constant throughout the sample, as shown in Eq. (16), the magnitude of the torque exerted by the fluid on the cone is approximately a 2 larger than that given in Eq. (17).
According to Eq. 3 the shear rate g · , and, through Eqs. 7 and 8, N 1 and N 2 are functions of q. Consequently, the r -and q -components of the equations of motion, Eqs. 9 and 10, are incompatible. If we assume that g · is constant, which is valid for a << 1, then the solution of Eq. 3 subject to Eq. 12 is [4] 
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For constant g · , Eqs. 9 and 10 can be integrated to obtain (20)
To complete the analysis, the force balance at the free surface must be considered. The radial position of the surface is described by r = f(q) with unit normal vector n* to the surface directed into the gas. In the absence of mass transfer and gradients in interfacial tension, the r -, q -and f -components of the jump linear momentum balance at the gas/liquid interface, respectively, can be written as [1, 2] (21)
where H is the mean curvature of the surface and g is the interfacial tension. It is clear that Eqs. 22 and 23 are not compatible with the assumed stress and velocity fields unless n q */n r * = 0, which corresponds to a spherical gas/liquid interface with radius R [1, 2] .
In practice, one of two methods is used to load the fluid between the cone and plate. In one method, an excess amount of fluid is loaded and forced to fill the gap by bringing the cone and plate together. Excess fluid is trimmed from the edge resulting in a spherical, or nearly spherical, interface with radius R as shown schematically on the right side of Figure 1 . In the second method, a known mass m of fluid is centered on the plate which, when the cone and plate are brought together, partially fills the gap. This loading method tends to generate a bulged inter- 
where (27)
As shown in Figure 1 , a is a radius of curvature of the free surface. The shape of the surface is controlled by the ratio a/R: a/R = 1 corresponds to a spherical surface (right side of Figure 1 ), and a/R = sin(a/2) corresponds to a bulged surface (left side of Figure 1 ). On the plate surface, the ratio of surface unit normal vector components is given by (28) and the mean curvature of the surface is given by
The effective sample radius (where the fluid is in contact with the cone/plate) is obtained by (30) Equation 30 shows that a bulged free surface reduces the effective sample radius, by a factor of the order a 2 R/a, from the value obtained by assuming a spherical free surface. Substitution of Eqs. 28 and 29 in Eq. 25 and setting q = p/2 gives the following expression for the stress distribution on the plate:
(31)
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Applied Rheology Volume 17 · Issue 3 face as shown in the left side of the Figure 1 . Images of actual free surfaces produced by these two loading techniques are shown in Figure 2 : a) from trimming excess fluid and b) squeezing fluid with known mass.
We now examine the influence a non-spherical free surface has on the stress field in cone and plate flow. The additional stress components generated at the free surface would require the existence of more complex velocity and stress fields than those given in Eqs. 1 and 5, respectively. To keep the present analysis tractable, we assume that these perturbations to the base flow are confined to a relatively small region near the free surface. If we adopt this point of view, it is possible to proceed with the analysis by combining Eqs. 21 and 22 to obtain The actual shape of the free surface is usually not known and depends on the loading method, fluid properties and wetability of the cone and plate surfaces. Here, we assume the radial position of gas/liquid interface is given by (26) which is the expression used to obtain N 1 and N 2 from measurements of F(R i ) as a function of the ratio R/R i [5. 6] . Setting R i = R in Eq. 35 gives the well-known relation between N 1 and the total force on the plate:
RESULTS AND DISCUSSION
The analysis presented above shows that a nonspherical free surface affects the stress field in cone and plate flow. The reason for this can be seen in Eq. 24, which shows that both t rr and tare involved in the balance of the isotropic part of the stress tensor. This alteration of the stress field leads to additional terms in the measured forces used to obtain N 1 and N 2 . As noted above, these effects imply the existence of an additional component of the extra stress tensor t rq , which, in turn, would generate a secondary flow.
The main result of the analysis in the previous section is Eq. 34 which, when divided by a characteristic modulus for the fluid G N , can be written as (37) where Y = -N 2 /N 1 and Ca = 2g/R i G N . From Eq. 37, it is clear that interfacial tension affects the measured value of the intercept (N 1 /G N ). If, as is often the case, the sample radius R is varied for a single value of R i , interfacial tension would also affect the slope (Y). For polymer melts, Ca ~ 10 -5 , so the errors introduced by interfacial tension would be negligible. However, for polymer solutions, Ca ~ 10 -3 or larger, so interfacial tension could lead to errors for a bulged free surface. From this point on, we assume interfacial tension can be neglected.
To examine the effect of a non-spherical free surface, we set a = 1/10, N 1 /G N = 1 and Y = 1/4,
36494-5 Applied Rheology
For the case of a spherical surface (a/R = 1) and no interfacial tension (g = 0), we recover the wellknown result (32) which has been used to obtain N 1 and N 2 from measurements of the radial stress profile [7 -9] .
The net force (excluding the force from the surrounding gas) exerted on the inner portion of the plate by the fluid can be computed from which represent conditions for a typical experiment. Figure 3 shows 'measurements' of the axial force on the inner portion of the plate for two values of the ratio a/R, which controls the shape of the free surface. As shown in this figure, deviations from a spherical free surface (decreasing a/R) lead to errors in the measured intercept from which N 1 /G N is obtained. An error in N 1 /G N also leads to an error in the measured value of Y. For example, for a/R = a (squares in Figure 3 ), the error in N 1 /G N is approximately 13 %, which leads to an error of approximately 11 % in Y.
As noted earlier, the shape of the free surface (a/R) is not known and therefore, the example used above is only for illustrative purposes. It is also possible, in contrast to the example above, that the shape of the free surface (a/R) is a function of the sample size (R/R i ). This would directly affect the measured slope leading to an additional source of error in Y. It should also be noted that larger relative errors would be observed for larger values of a and Y.
CONCLUSIONS
The effects of free surface shape on normal stress difference measurements using the cone and partitioned plate technique have been investigated. The analysis presented here shows that modest deviations from a spherical free surface can lead to errors on the order of 10 % in measured values of first normal stress difference N 1 and ratio of normal stress differences N 2 /N 1 . These errors result from both interfacial tension and the modification of the normal stresses involved in the force balance at the free surface. This modification of the force balance also gives rise to an additional shear stress that would induce a secondary flow. Other possible sources of error, not considered here, are the dynamic nature of the free surface shape and sample flow in the gap between the inner and outer portions of the plate.
